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Abstract

It is often necessary, in scientific or everyday life problems, to find a randomly
hidden target. What s then the optimal strategy to reach it as rapidly as possible?
In this article, we develop a stochastic theory for intermittent search behaviours,
which are often observed: the searcher alternates phases of intensive search and
slow motion with fast displacements. The first results of this theory have already
been announced recently. Here we provide a detailed presentation of the theory,
as well as the full derivation of the results. Furthermore, we explicitly discuss
the minimization of the time needed to find the target.

1. Introduction

The search for specific targets plays an important role in many physical, chemical or biological
problems, as well as in social and economical sciences [1-3]. This is for instance the case
when reactants are diffusing in a solvent till they meet and are in condition to react [4], or when
a protein is searching for its specific target site on DNA [5, 6]. One can also mention predators
searching for prey [1-3], prospectors looking for minerals, or rescuers trying to locate victims,
for instance in avalanches. These various and complex situations can obviously be precisely
studied only by specific models. However, there are a few general features that are shared
by many search processes. In particular, when the targets are sparse and hidden, or difficult
to detect, the searcher should adopt a strategy which efficiently explores its environment.
Obviously, any rational search process should first identify the regions where the target presence
probability is the highest; however, this preliminary analysis is usually very uncertain. For
these reasons, the stochastic theory of search processes has become a field of growing interest
during the last few years [7—-14].

In many examples, it can be observed that the searcher alternates phases of intensive search
and slow motion with phases of fast displacement non-receptive to the target. Recently, we
proposed [14] a one-dimensional description of such intermittent search strategies, especially
suitable to the case of foraging animals. This method was outlined in [14] and the first results
were presented without complete derivation. It was shown that the available experimental data
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support our main hypothesis: many animal species seem to adjust their intermittent behaviour
in order to minimize the search time.

Here, we extend this hypothesis to more general systems and present a detailed, new
derivation of the results. In particular, we provide a comprehensive analysis of the problem of
optimizing the search time for intermittent search processes. First, we define the model, and
briefly introduce the stochastic formalism involved. Then, we give a detailed treatment of the
specific, one-dimensional model, and we discuss the minimization of the mean search time
explicitly. The application to foraging animals is summarized in section 5, showing that our
results are validated by experimental data. The complete, somewhat lengthy, calculations are
given in the appendix.

2. Model

We present here an idealistic one-dimensional model, which can be justified in many cases as
a simple, approximate description for an intermittent search process.

Searcher

The searcher is a point particle moving on a circle of length L. Its position along the circle
is denoted by x, 0 < x < L (note that this geometry is equivalent to an infinite axis Ox with
period L). The searcher can adopt two different dynamical regimes, labelled by index i = 1
or 2.

e During regime 1, the searcher undergoes a simple diffusion process (or Brownian
motion) with diffusion coefficient D, modelling the phase of intensive search and slow
displacement. In this regime, the target is discovered at the first passage of the searcher
at its position. We call this phase ‘search’.

e During regime 2, the searcher undergoes a ballistic motion with constant velocity v. We
call this phase ‘move’.

The use of a Brownian motion to model the search phase is justified by the difficulty
of detecting a hidden target. Indeed in this case multiple passages at the same position are
required in order to scan the environment efficiently. The resulting wavering trajectory can
be modelled in a simplified way by a Brownian motion. If we assume that at each passage at
the target position the searcher has a finite probability to find it, the mathematical properties
of Brownian motion ensure that the time of discovery is equal to the first passage time at the
target.

Similarly, the ballistic motion is also used for the sake of simplicity to describe the rapid,
but not instantaneous displacement during the move regime. More sophisticated models of
fast displacement can be introduced, but they should not change significantly our qualitative
conclusions. Note that on the contrary permitting instantaneous displacements, which may
be justified in some cases, could drastically change our results; this point will be discussed in
further publications.

The successive durations of each regime i are assumed to be independent, exponential
stochastic variables 7;:

Prob(T; > t) = exp(—A;t) = exp(—t/1;). (1)

A; can be seen as a constant transition rate from regime i to regime i + 1 mod [2]. In particular,
7; = 1/A; is the average duration of regime i. Clearly, these laws are justified if the system has
no memory, and can be represented by a Markov process, which we will assume from now on.
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In the context of foraging animals, this assumption is valid for species with low memory skills,
for which the transition probabilities between search and move phases are constant in time.

Target

The target, assumed to be point-like, is located at x = 0 on the circle. This would correspond,
on an infinite line Ox, to an infinite number of regularly spaced targets at points x = kL, with
k integer. In many problems, an irregular or random array of targets would be more realistic,
but our model is valid as soon as the fluctuations of the inter-target distance are small compared
to L.

We then compute analytically the mean first passage time (MFPT) [15] at the target,
claiming that it is the most suitable variable to study quantitatively the efficiency of the search
process. Our goal is to find the optimal search strategy, from a kinetic point of view, by
determining the frequencies A; of each mode that minimize the MPFT.

3. Basic equations

First, it may be useful to recall the general equations satisfied by the MFPT. Let us consider
a general Markov process, and let p(r, 7, t) be the probability density to find the system at
position r in state i at time ¢, and p(r, i, t|r, io, fp) the transition probability from (ry, ip) at
time 7 to (r, i) at time ¢. Both satisfy the forward Chapman—Kolmogorov equation [16], i.e.

J ] =L ] A / A ] 2
5 P i) = ,»p(r,z,r>+2jj( G, j 1) = Ajip(r,i, 1) )

where L; is the stochastic evolution operator in regime i, and A j; is the transition rate from
regime i to regime j.

We now assume that a region A (the target) is absorbing in regime «: as soon as the system
reaches A in regime «, it is trapped. Let (T |ro, ip) be the mean first arrival time in (A, «),
starting from (ry, io) at time zero. It satisfies the backward (adjoint) equation

—1 = L{(Tro, io) + Z)\iio(<T|r0: io) = (T|ro, 1)) 3)

where L is the adjoint evolution operator in regime i, with the boundary conditions
(T|rg,ip) =0 ifrope A and iy=c. 4)

We now rewrite the equations of the previous paragraph in the case of the one-dimensional
model described in section 2, where the target A is point-like. Note that here « = 1. We call
t(x, i) the mean first passage time at the target starting from (x, 7).

The backward Chapman—Kolmogorov differential equation (3) reads in this case

9% (x, 1)
o i, 2) —t(x, D] = —1
8x2 (5)

at(x,2) +holt(x, D) —1(x,2)] = —1.
0x

The boundary conditions, expressing space periodicity #(x + L, i) = ¢(x, i), and absorption
forx =0andi = 1 are as follows:

t(0,1)=¢t(L,1)=0

1(0,2) =t(L,?2).

v



S4278 O Bénichou et al

After some computations (see appendix A), we obtain

A+Ar L 1 — e 1 —ebx A+ A2 X
t(x,1) = — 2 — aL—ozz — |- - (6)
)\1)\2 ,3 o 1 € 1 (& )\1 v
Mk L 21—%%6‘”_ zl—k—iéeﬂx _)\1+)»2£_i
t(x,2) = T o T 7
MAy B—a 1 —e® 1 —ef AV A
with
I A2 A I A
a=- |2+ 24420 and p=-2 - [2+42
2\ v v2 D 2\ v v? D

Let (t) be the MFPT averaged over the initial position x of the searcher, assumed to be
uniformly distributed over the ‘circle’ [0, L]. This quantity defines what we call the search
time.

L _ eaL_l
<t>=<r(x,1)>=%f o Dy = MR L [ s
0

AMAr B—« 1 —eL
BL_q
21_eﬂL _)\,1+)\42£ (8)
1 —C'BL )\1 2U.
In the low density limit defined by L > % //\—Dl, %, we obtain
L 1 1 202+ 20T
<r>=7<r+r)27 ©)
VAMT TS 1252 4 deay

where T = U—LZ and % is the target density. One can notice that the linear dependence in L (the
typical inter-target distance) ensures that this intermittent strategy is much more efficient than
a pure diffusive strategy which would scale like L?.

4. Minimization of the search time

We now study the minimization of (¢). It can be shown (see appendix B) that (¢) has no global
minimum for finite values of A, and A,. However, it is reasonable to assume that A; has an
upper bound Ajn.x. Indeed, it is clear that the predator cannot gather its sensorial abilities
and its attention instantaneously: thus, we assume that the average duration 7| of the search
phase has a minimum value 7, or equivalently that A; has a maximum value Ajmax. This
assumption is discussed further on in appendix B. After some computations, it is shown that
in this case there is a single minimum when A and X, are such that

)‘1 = Almax (10)
A+ Exgxl - ixf = 0. (11)
T 72

Writing (A7) ~ C(A7)", a simple scaling analysis shows that equation (11) yields two
different regimes.

e If X7 « 1 (regime S), one finds

Al = Amax (12)
1
4\7 2
Ao A <§) Al (13)

and the predator spends more time searching than moving.
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o If A1 > 1 (regime M), one has
)Ll = )\lmax (14)

1
8\, 2
Ay A <§) A} (15)
and quite surprisingly the searcher spends more time moving than searching.

We finally end up with two scaling relations involving A; and X, with very close exponents %
and % The threshold value % has the meaning of an overlap limit: 7 is the duration for which
the typical distance covered is the same for both states 1 and 2. The non-overlap condition is
determined by forming the ratio p of the length scanned in phase 1 over the distance covered

in a phase 2 move p = ’\—;,//\—D]. In the regime S, p = (Alr)% < 1 and there is no overlap.

It is noteworthy that in this regime p can be small, which means that the overall scanned

space is not connex but displays holes of unvisited space. Conversely, in regime M, one

has p = (Alt)% > 1 and overlap may occur, which seems counterintuitive for an optimal
1

exploration. Nevertheless the power 75 ensures that p is never much larger than unity and the

optimal trajectory always explores unscanned space of significant size.

5. Application to foraging animals

Numerous studies of foraging behaviour of a broad range of animal species show that
intermittent behaviours, such as the one sketched by our model, are commonly observed
and that the durations of search and displacement phases vary widely [1-3]. In this section
we compare our model with experimental data extracted from O’Brien et al [2] and Kramer
et al [3]. These studies provide the average duration (and therefore its inverse, the rate) of
search and motion phases for 18 different species including planktivorous fish [17], ground
foraging birds [18, 19] and lizards [20], which perform an intermittent search behaviour. The
corresponding rates A; range from 0.1 to 100 Hz, with no systematic correlation with the
animal size. Note that the prefactor involving 7 in equation (12) and (14) is a priori species
dependent. Nevertheless, we will show that this characteristic time roughly assumes only two
values.

The value of t for each species can be obtained from equation (11), and leads to the
distribution of log(r) given in figure 1. This distribution is quite unexpectedly bimodal.
Moreover, it appears that the first peak (around # = 0.1 s) corresponds to foragers in the
regime S and that the second one (around ¢ = 25 s) corresponds to foragers in regime M. Thus
the characteristic time t defined in our model proves to be a tool characterizing distinctly two
subclasses of foragers: a set of animals in the regime S, and a set in the regime M. The small
amplitude of the fluctuations of t within each set allows us to perform a comparative analysis
of these data within each set.

Figure 2 gives the log—log plots of the A; and X, data of sets S and M. Both sets are strongly
correlated (with a coefficient r > 0.9), as shown by the linear regressions. Moreover, their
slopes are in agreement with our theoretical prediction, namely 3/5 for M (experimental slope
0.7%0.1)and 2/3 for S (experimental slope 0.6 £0.1). Note that the theoretical values of these
slopes are very close, and we do not expect to distinguish them experimentally due to the error
bars of experimental data. However, this agreement suggests that many species minimize their
search time for prey according to the intermittent strategy described by our model, and puts
forward the idea that the kinetics of the trajectories is a prevailing factor which is optimized
by natural selection.
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Figure 1. Log (7) distribution for intermittent search behaviours. The first peak (around = 0.1 s)
corresponds to foragers in the regime S, the second one (around ¢ = 25 s) corresponds to foragers
in the regime M.
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Figure 2. Log-log plot of experimental data [2, 3] of intermittent search behaviours, and their
linear regression.
(This figure is in colour only in the electronic version)

6. General analysis of the minimum search time

Section 4 describes the case of a minimum value 1), of the search regime. It is realistic to
consider that the move regime could also have a minimum duration 7,,,, corresponding for
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instance to an acceleration phase. The analysis of the minimum of the MFPT is in this case
different and is explicitly performed in appendix B. It can be summarized as follows:

e in regime M, the limitation on 7, does not modify the scaling laws (14)
T ~ (M7)73, with A7 < At < 1 (16)

e in contrast, in regime S, the scaling laws (12) only apply if 75,, is much smaller than ty,,;
then

ot ~ (M7)3, with A7 > A1 > 1 (17)

e if 15, is smaller than but of the same order as ty,,, the minimum search time is obtained
for t; = 11, and 7, = 1.

The fact that the scaling laws agree with experimental observations in the case of foraging
animals supports the hypothesis that for these animals 17,, is indeed much smaller than ty,,.

7. Conclusion

In summary, the model discussed in this paper raised the question of determining the fastest
strategy for finding a hidden target. In the general framework of intermittent search strategies,
we put forward scaling laws which have been validated by comparison with observations in the
case of foraging animals, despite the huge simplifications we adopted to describe the complex,
actual situation. This indicates that the hypothesis should be at least partially valid, and that
the kinetics of the trajectories is a prevailing factor which is optimized by natural selection.

Within a broader scope, similar hypotheses should be applicable to many problems
in science and technology. Obviously, it would be necessary to generalize the model by
considering more sophisticated motions for each regime, for instance, abnormal diffusion
during the search regime, or Levy flights for the move regime. Furthermore, non-exponential
lifetimes, corresponding to non-Markovian processes, would be realistic in many cases. On the
other hand, using a one-dimensional model can be coarsely justified for certain predator—prey
systems, but it is clearly necessary to address the problem in n-dimensional spaces, although
it can be very difficult to obtain an analytical result and exact asymptotics. The study of such
generalizations is in progress.

Appendix A. Calculation of the search time

One can use a matrix formulation of the differential system:

t(x, 1) 0o 0 1 t(x, 1) 0
|12 )= -2 20,2 |+] -2 (A.1)
'(x,1) Moo _4o0) \i(x, 1) —1
which is easily solved and gives
ax Bx )\1 +)»2 )»2D 1
)»11) )»11) )\1
A A M+Ay (MDD
1(,2) = 22Cpe™ + 2 Coefr v 0+ L2 (22 (A.2)
Bu ov AV AV

A+ A

f'(x, 1) = aCie™ + BCreP* —
)»11)
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with

Lfrx [ n
a=-|=+,/Z+4— and B==|—=—Z+4—
2\ v v? D

Using the periodic boundary condition, this yields

11 2 1
CG=[—+— ) — A3
? <)»1 )»2) a—p1—ebl (A3)
C; = —(Cy +Cy) L,1)Pa 1
T ] ? MooA) A2 A

Eventually one can write the final solution,

)\,]+A.2 L 21—60”‘ 21—eﬂx AM+Arx
tix, 1) = — — — A4
. 1) AAo ,B—al:'Bl—e“L O[1—e/5L ALV (AD
AMtr L 1—221ex 1—2Llefl 5 4a 1
f(x,2) = 21172 2 A Serh ) e L (A.5)
MAy B—a 1 —eol 1 —efL AV A
Appendix B. Optimization of the search time
Search time
The search time (¢) given by (9) can be written with adimensional variables as
(1) L X+Y X+2Y? L
—_ = =—°C (B.1)
T vt Y J/X2+4XY @ 2vT
with
1 1
X=— =2 and Y=—=2 (B.2)
ALT T MT T

7; being the average duration of phase i (i = 1, 2). Introducing the new variable u = X/Y,
we have
u+2Y

A+ o> (B.3)
Vu? +4uyY

which allows expression of ¥ and X as functions of # and C

2

Y:%\/92—1[9+\/92—1] and X:uY:%\/92—1[9+\/92—1]

(B.4)
with

0

el,Cl. (B.5)
1+u
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Figure B.1. Contourlines of the average search time. Plain line: C = 3. Dashed line C = 2.5.

Contourlines (curves of equal C)

It is now easy to obtain the contourlines of the average search time in the plane (X, Y)
corresponding to a given value of C: X and Y are given by (B.4) and (B.5) as a function
of the parameter u, withu € [0, C — 1]. Whenu — 0, X and Y tendto O and X/Y — O: the
curve is tangent to axis (Ox). Whenu — C — 1, X and Y tendtoOand X/Y — C — 1.

It is seen that for a given value of u, X and Y increase with C and the range [0, C — 1]
of possible values of u also increases with C, so that the contourline I'¢c corresponding to the
value C is contained in the interior of any I'cr with C" > C (see figure B.1).

Maximum values of X and Y

It is clear that for a given value of C, X and Y have maximum values X, and Y, respectively.
From (B.4), (B.5), we find that

dr 1 9 —C
—=—9[9+\/92—1] 7" t6-cC
du ~ 2C [9\/92—1 }

dx 1 03+ Co*-2C
—=—9[9+\/92—1] - " 46-C].
du 2C [ 0/62 — 1 }

From these expressions, it is easily shown that dX/du and dY/du respectively vanish for
u = u; and u = u,, respectively, u; and u, being uniquely determined values of [0, C — 1],
corresponding to the maxima of X and Y.

(B.6)
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Curves of maximum X
If dX/du = 0, we see from (B.6) that

2 2 2 —
c_ 020 ++/602 — 1) ond u=£—1= 200° -1 _ (B.7)

200 Vi1 ) 2-600 —V02-1)
Inserting the expression of u into (B.4), we obtain the equation for the curve of maximum X,
parametrized with 6 € [1, oo]:

0 ++/602 —1

52 9 +V62 —

Y=(92_1)3/22—9(9—J92——1)’ X=20"-1 [2—0600 — «/92—)]2
(B.8)
It is seen that if & — 1, which correspondsto u — 0, or X < Y, then
Y ~ (5)3/5 (B.9)
2
whereas if 6 — 0o, then u — 0o, X > Y and
Y ~ (3)" x5 (B.10)

Thus, we recover the scaling laws given in (14) and (12), but a discussion is necessary.

Optimal search time with minimum 1,

We have shown that the smallest value of the average search time is L(2vt)~', obtained when
C =1, corresponding to X = Y = 0, or 1; = 1, = 0: this is clearly not a realistic condition,
since, practically, the researcher cannot perform infinitely fast oscillations between phases 1
and 2! In fact, it is reasonable to assume that, as noticed in section 6, the researcher needs a
minimum time ty,,, so that the average duration of phase 1, 7y, should be at least t;,,. Then,
the smallest accessible value of C corresponds to a contourline I'¢ for which the maximum
value of X is Xy, = 11,,/7. Thus, we obtain the optimal condition given previously:

X = Xm, Y ~CX“ (B.11)

C and « being given by (B.9) or (B.10), which agree with experimental data for a broad class
of predators searching for a prey.

However, it may be remarked that phase 2, corresponding to a ballistic, fast motion, should
also have a minimum duration 7,,, necessary for the researcher to obtain the best physical
performances.

Optimal search time with minimum Tt

To discuss this new situation, we need to consider curves of maximum Y.
IfdY/du = 0, we see from (B.6) that

020 +/02 — 1 02 — 1
_G6+vo D and U= —— (B.12)

1 +604/62 — 1 1+0462—1
By (B.4) and (B.12), we get the equations for the curve of maximum Y:
1 0 ++/0% — 1 0+ /02
Y=-@>-1)’— and X = —(6? )5/2
2 1 +6/0% — 2 +0+/02% — ]2

from which it is seen that if § — 1, thenu — 0, X <« Y and
Y ~ 2728 X35 (B.14)

(B.13)
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and if &6 — oo, thenu — 1, and
Y ~ X. (B.15)

If we want to optimize the search time with the condition that ¥ > Y, = 1, /7 (and no
condition on X), we have to choose C in such a way that the maximum value of Y on the
corresponding contourline is just 7, /T, and we obtain the limiting scaling laws (B.14), (B.15),
with Y = Y.

Optimal search time: general case

In fact, it seems reasonable to optimize the search time with both conditions

x> o y > 2 (B.16)
T T

Then, we have to consider several situations, depending on the respective values of 7, and
Tom- Obviously, it is very difficult to know these values precisely for animals, but it should be
possible if the pursuer is a man-built device. Nevertheless, we can remark that the minimum
time ty,, required for the search phase—which needs to process the information contained in
the weak or intricate signals provided by receptors of the searcher—should presumably be
larger than the minimum time t,,, in the move phase. Thus, we will suppose that

Tim = Tom- (B17)

Then, the minimum value of C corresponds to a contourline I'c which is tangent to the boundary
of the permitted region (X > ty,,/7,Y > 12,/7) or which passes by point (Xy,, Yy,). But
the contact point cannot be a point of maximum Y, given by (B.13), because for these points,
u = X/Y is always smaller than one, by (B.12).

Finally, if the contact point of I'. with the line X = ty,,/t corresponds to u = u; >
Tim/Tom, then the optimal value of the search time occurs for X = X, = 11, /7, Y = Yy =
Tom/T: the pursuer should switch from one phase to the other one as frequently as possible.
From (B.7), this situation occurs when parameter 0 satisfies the inequality

202 1) < Tim Xm

> Hm _Amo_ B.18
200 - 1) T Ym0 (B-18)

Using (B.3) and (B.5), inequality (B.15) can be written
4Y2(1 + ) — 2¥mitm (1 + 2upy) —u’, > 0. (B.19)

Thus, in the region (A) of the positive quarter of plane (Xy,, Y,) where (B.19) holds, the
minimal value of the average search time is obtained for X = X, and Y = Y};, and no scaling
law should be available (at least, due to the optimization of search time, since other justification
of scaling laws cannot be discarded). On the contrary, in the complementary region (B) of the
positive quarter of the plane, the minimal average search time is obtained for X = X, and Y
scaling according to (B.9) and (B.10), depending on whether Y > X or ¥ <« X. It should be
noticed that the curve I" separating regions (A) and (B) satisfies the equations

[1+2u+/1+8u(l+u)], u=X/Y (B.20)

so that, whenu — 0, X and Y — O, with Y ~ (“T*@X)'/Z, and when u — oo, X and
Y — oo, with Y ~ ()12, Whenu = 1, X = ¥ = §[3++/17] ~ 0.89.

Region (B), where the scaling laws hold, lies below I'. If the heuristic but reasonable
condition (B.14) ¥, < Xy, is satisfied, all points (Xp,, Y,) are in (B) for X, < 0.89 and
the scaling law (B.9) holds. On the other hand, for X, > 0.89, the scaling law (B.10) is

_ u
T4 +u)
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only justified if (X, Y) lies in region (B), i.e. if, for X, > 1, Yo < (Xn/2)'/?, which is
considerably stronger than (B.14).

Clearly, one should not expect actual search processes to be in exact agreement with the

numerical values given above, but this discussion can shed a new light on many intermittent
processes.
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